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Forage crops, the major feed components on most dairy 
farms, comprise 25 to 30 percent of the cost of milk 
production (6). Thus, many economic factors must be 
considered in deciding what forages to grow, the form in 
which to harvest them, and the supplements needed. 
Objective 
The purpose of this study was to determine cropping 
programs for maximum profit, given various ratios of cows 
to cropland and the effect on income of expanding 
cropland with an upper maximum on the number of cows. 
Secondary objectives were to determine a relationship for 
estimation of feed requirements for dairy cows and a 
method of estimating net nutrients available from forages. 
The panalty for delayed harvesting of alfalfa was also 
determined. 
Method   of Analysis 
Linear programming can be used to find the combina-
tion of activities that will maximize return to fixed factors, 
subject to the restrictions of the problem. Fixed factors 
 
are those that do not vary in cost or amount during the 
short run. For this problem the 2-man labor force, land, 
buildings, machinery, and equipment were the fixed 
factors. If the goal is profit maximation, the operator 
selects those activities that result in the largest return to 
these fixed factors. 
In this problem, linear programming was used as a 
planning method to sort out the most profitable combina-
tion of activities where there were many alternative forms 
of products and methods of preservation. The optimum 
solution obtained was the one that resulted in the largest 
net return to the fixed resources (land, labor, capital, and 
management). Fixed costs, incurred whether or not the 
resources are used, did not and should not enter into the 
enterprise decision process in the short run. The net return 
for each activity was calculated by subtracting the variable 
costs from the gross return. The difference was the return 
to the fixed resources. 
In addition to the optimum level of activities in the 
solution, the program calculated penalty costs, which are 
interpreted as the increase or decrease in return to the 
farm business if one more unit of that activity is added or 
subtracted from the operational plan. 
The restrictions used were representative of those found 
in New York agriculture and those typically imposed on 
human physical limitations. For example, some of the 
restrictions in the matrix are: seedings are not left down 
longer than 3 years, operators do not work more than specified monthly hours, acres of farm land and hours of 
hired labor available are limited. 
Each enterprise considered in this study incurred vari-
able costs and used one or more fixed resources. Because 
the fixed resources are limited in supply, the problem was to 
allocate them to activities that resulted in the largest net 
return. Such allocation, when done by budgeting, is very 
time consuming. We therefore used linear programming via 
computers, which speeds the allocation process and assures 
finding the most profitable combination—given a set of 
restrictions along with production and price coefficients. 
The mathematics and time requirements imposed by linear 
programming have been greatly reduced since computers 
became available to farm managers, both on a service- and 
remote-time-sharing basis. To use linear programming for 
this study, a set of labor and cost coefficients is required 
for each activity or modification of that activity. Appendix 
table 4 shows these coefficients in matrix form. A detailed 
explanation of the theory and use of linear programming is 
given in several sources (1,2,4, 10). 
For this study we chose a representative farm on which 
the operator had decided to build a free-stall barn for 100 
cows and needed help in planning the feeding and cropping 
program for his business. The model can be used as a tool 
for formulating management decisions, since no farm will 
precisely match the coefficients used in this study. 
Forage and grain corn yields, in this study, were based 
upon those of moderately productive cropland in New 
York.
1 The results of the study are applicable to many 
areas of the New England and North Central dairy states 
with similar soil types and climate. The method of analysis 
is applicable even if management practices or resources 
used are not typical. 
FARM RESOURCES 
Land 
To determine the changes in the cropping systems and 
the effect on income, land was allowed to increase from 50 
acres to 200 acres in 25-acre increments. The land in this 
study was assumed to be tillable, moderately well-drained 
soils. No rotational restrictions were used, but a maximum 
number of consecutive years could be stipulated for any 
land to be planted to a single crop, and built into the 
model. 
As land was added to fixed resources, a rent charge (or 
interest on investment and taxes) of $20 per acre was 
subtracted from the net return to obtain return to fixed 
resources. 
Labor 
The operator, one full-time hired man, and 100 hours of 
family labor during July and August comprised a fixed 
resource. Because of the labor required to maintain a 
100-cow dairy herd and associated replacements, this fixed 
supply of labor was unable to meet the additional demand 
for labor both at planting and harvesting time. As a result of 
the very high shadow prices (what one could pay for an 
additional hour of labor) in initial solutions, labor-hiring 
activities were included in the model. Hourly labor could 
be hired at the rate of $2.50 per hour subject to the 
following constraints which approximate the work of one 
full-time man per month: 
 
Equipment 
All required planting and harvesting machinery and 
equipment were available to grow and store corn silage. 
When acreage was expanded so that hay-crop silage entered 
the optimum solution, the return to fixed resources was 
reduced by the annual cost of the pick-up attachment and 
windrower. 
The annual cost of a grinder was subtracted from the 
net return when high-moisture ear corn was grown. Both 
corn for grain and high-moisture ear corn were harvested 
by a custom operator, as shown in the individual corn 
budgets. 
All baled-hay activities were charged the custom rate for 
baling. It was assumed that the wagons and other 
harvesting equipment used for hay-crop silage could also 
be used for baled hay. 
Buildings 
The dairy-cow housing facility was a modern 100-cow 
free-stall barn with milking parlor and heifer-raising barns. 
Silo capacity was allowed to be completely variable and 
was purchased as needed by the requirements of the 
selected activities. Separate upright silos on a one-fill 
system were used for each forage stored as silage. 
Baled-hay storage was also available by incurring the 
annual-use cost of that structure, when needed by a baling 
activity. The model was set up this way to facilitate the 
various storage structures and sizes. In subsequent runs one 
2 could either use fixed silo-storage space or allow expansion 
by use of horizontal silos or plastic covering on slabs. 
Capital 
No restraints have been placed on short-term or 
long-term capital. It is assumed that the additional cost of 
land and equipment expansion can be financed from the 
business on either a purchase or a rental basis. Short-term 
interest on operating capital has been omitted because it 
did not differ significantly among the various crops. 
_________ ALTERNATIVE ACTIVITIES _______  
Dairy Cows 
An upper limit of 100 dairy cows was assumed for an 
individual considering short-run farm planning. Replace-
ments can be either raised or purchased and must be 
sufficient to replace 25 percent of the dairy cows annually. 
Costs and returns for livestock are given in tables 1 and 2. 
Labor requirements are estimated for a modern free-stall 
set-up. The budgeted requirements are for a 1300-pound 
cow producing 13,600 pounds of 3.6 percent fat milk in 
305 days; of this amount, 13,000 pounds of milk was sold 
at $6 per cwt. 
 
 
Feed Requirements 
Total digestible nutrients and digestible protein require-
ments for dairy cows were obtained by a relationship of a 
least-squares fit of data from Reed et al. as reported by 
Slack and Coppock (8). The following relationships were 
used to obtain the total digestible nutrients (TDN) and 
digestible protein (DP) coefficients used in this study: 
 
Given the data on this farm's livestock the annual 
recommended allowance of TDN per cow would be 8270 
pounds and 1123 pounds of DP. Another 10 percent 
allowance was added to cover rejection and loss of feed 
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efficiency at higher production levels. The coefficients 
used were 9100 pounds of TDN and 1235 pounds of DP 
annually per cow. The required allowance for raising one 
replacement to calving age, or 27 months, was 5120 
pounds TDN and 1056 pounds DP per replacement (10). 
A minimum dry-matter (DM) amount of grain and 
forage was set to avoid exceeding the stomach capacity of 
the animal. Since milk production of 13,600 pounds per 
cow cannot be maintained on forage or grain alone, a 
minimum of 3745 pounds of dry-matter intake was used 
from forage as well as from grain (12). This is approxi-
mately 30 percent of the annual dry-matter intake per 
animal. In the optimum plans, the dry-matter intake of 
grain or forage for cows was selected at the most profitable 
combination above 29 percent of the total ration from 
either source. The dry-matter ratio of grain and forage for 
the raised replacements was fixed, as shown in the activity 
budget. 
Protein supplement. In this study, 16 and 20 percent 
crude protein (CP) supplement was available to augment 
forage rations. A 36 percent crude protein supplement was 
available to mix with high-moisture shelled corn in a 4:7 
ratio, resulting in a 16.5 percent DP mix (90% DM), or on 
 
a 4:33 ratio, making a supplement with 9.2 percent DP 
(90% DM). The resultant costs and nutrients available are 
shown in table 3, and table 4 gives the purchase prices of 
the supplements and other purchased activities. 
Alfalfa Quality and Quantity 
In this study, alfalfa and corn-silage activities provided 
the forage portion of the dairy ration. The crops and the 
method of harvest selected determined to some extent the 
purchase of protein supplement and grain, as well as the 
hiring of summer labor. The alfalfa activities included 
hay-crop silage or baled hay cut on various dates. The 
method of establishment was direct seeding followed by 2 
cuts the first year. 
For a detailed schedule of variable costs for production 
and harvest see appendix table 1. All other budgets were 
calculated in like manner. The seeding was left down for 3 
additional years, and maintained by annual top-dressing as 
shown in appendix table 1. During each of the 3 years, 
alfalfa was harvested by either an early or a mid-season, 
3-cutting system or by 2 cuttings when the first cut was 
delayed until July. 
Dry matter. Alfalfa dry-matter yields as a function of 
cutting date were determined by using equations fitted by 
least squares methods:2 
 
Table 5 shows the calculated dry-matter yields for 
hay-crop silage and baled alfalfa hay at various cutting 
2Unpublished alfalfa yields from Dr. C. C. Lowe, Cornell University. 
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dates. The highest dry-matter yield was obtained when the 
crop was cut on June 14. When the same number of days 
between first and second cuttings were used as between 
the second and third cuttings, the yields were identical for 
both cuttings. The late-cutting management allowed only 2 
cuts per year and had a 61-day regrowth period between 
cuts. An estimation of first-year direct-seeded forage yields 
is reported at 2.5 tons of dry matter per acre (table 5). 
Loss. Harvesting and storage losses for alfalfa hay-crop 
silage were estimated at 15 percent of the dry matter 
produced. The same losses under the baled system were 
estimated at 25 percent of the dry-matter yields. 
Intake reduction. The net yields of the various systems 
and harvest dates were adjusted for intake, based on stage 
of growth, since a dairy cow reduces her intake of forages 
as cutting date is delayed. By using the formulas reported 
by Millier and Rehkugler (7) an estimation of the 
percentage reduction in intake was found for each date. In 
the Millier and Rehkugler study the only dry-matter source 
was forages; therefore, the following DM intake reductions 
are based on a 100 percent forage ration: 
 
These reductions in intake and losses were subtracted from 
dry-matter yields, and are given in table 6. 
Nutrients available. Table 7 shows the amount of 
forage available for feeding on an as-fed basis. This is 
calculated for 40 percent dry-matter hay-crop silage and 
88   percent   dry-matter   hay.   The   percentage   of  total 
 
digestible nutrients and digestible protein estimates on an 
as-fed and dry-matter basis are given in tables 8-10. The 
percentage of TDN and DP times the net quantity available 
gives the forage nutrients available under each cutting date 
and system (tables 8-10). 
Corn Production 
Corn was harvested as whole-plant corn silage (32% 
DM), high-moisture ear corn (HMEC) (ground 72% DM), 
or as shelled corn sold for grain. Harvested-corn silage 
yields of 18 tons per acre were put into concrete stave silos 
with a feed-out yield of 17 tons per acre. Corn harvested 
for grain was custom-combined with an equivalent dry 
yield (15.5% moisture) of 100 bushels of shelled corn per 
acre. This same corn harvested as ear corn would have had a 
feed-out yield of approximately 8200 pounds (28% 
moisture) per acre. Nutrient values and variable costs of 
production are given in table 10 and appendix table 3. 
Urea additive. An activity was included to allow urea 
to be added to corn silage at the time of ensiling to 
increase the protein equivalent of the silage. An amount 
equal to 10 pounds of urea per ton of corn silage was 
added to increase the total digestible protein available 
from the forage. Since corn silage was lower in protein 
than the needs of the livestock, whenever this additive 
activity was a cheaper source of protein than purchased 
concentrate it could enter the optimum plan. 
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_________PROGRAMMING RESULTS _______ 
Linear programming solutions were obtained from the 
IBM 360 Model 65 computer using the mathematical 
programming system 360. The optimum crop activities and 
levels for various cropland restraints are shown in figure 1. 
Solutions with 50, 75, and 100 Cropland Acres 
Corn activities. When land was restricted to 100 acres 
or less, corn silage with urea was the only crop activity in 
the farm plan (table 11). This crop provided TDN and DP 
at a lower cost than alternative activities because of high 
cow-land ratios. 
The computer solution provided information on the 
sensitivity of activities to change in cost coefficients (table 
12). For example, the variable cost per acre of corn silage  
 
with urea was $49.90; in the 50-acre plan, corn silage with 
urea would remain at 50 acres until the variable cost of 
this activity increased to $63.30 and then would be 
replaced by corn silage without urea. If the cost of this 
activity dropped to zero, the acreage would not increase 
because all cropland is in corn silage. 
Corn silage was supplemented with 10 pounds of urea 
per ton and purchased protein was fed in the ration. 
Because the available land was limited, high-moisture ear 
corn was purchased rather than grown, at all three land 
restraints. The penalty CQst for growing one acre of 
high-moisture ear corn was the cost of diverting all the 
needed resources from activities now in the optimum 
solution. The penalty cost of growing one acre of HMEC 
was $250.70, as compared to using the scarce labor and 
land in corn-silage production. When land was more 
plentiful at 75 and 100 acres, the penalty cost of growing 
HMEC was still more than $34 per acre. 
With cow-land ratios of more than 1:1, the cropping 
program called for growing crops that produced the most 
TDN per acre and purchasing all grain and protein 
supplement. The price of 16 percent crude protein 
supplement would have to drop from $3.70 to $3.20 per 
cwt before it would be included in the optimum plan. Table 
13 lists the net returns required for an activity to enter the 
optimum plan and the level at which it would enter. 
The amount of purchased high-moisture ear corn de-
creased from 437 tons to 198 tons when corn silage 
acreage was allowed to increase from 50 to 100 acres. The 
amount of high-protein HMEC mix required remained 
nearly constant over this range in acreage. As the major 
source of dry matter switched from grain to forage, when 
more land was available, the amount of low-protein HMEC 
mix decreased. 
Feed requirements. The proportion of dry matter from 
grain was 68 percent (higher restraint) at the 50-acre 
solution and had dropped to 30 percent (lower restraint) 
at the 100-acre solution (table 14). The average pounds of 
dry matter from forage and grain fed per cow per day are 
given in table 14. When feeding maximum dry matter from 
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grain, the average intake is equivalent to 24 pounds of 
dairy ration per day per cow. 
Hay and hay-crop silage. Neither baled hay nor 
hay-crop silage activities entered any of the optimum plans 
at acreages up to 100. The penalty costs for baled hay at the 
100-acre solution were $23, $38, and $103 for hay cut in 
early, mid, and late season, respectively. The penalties 
were even higher at acreages below this level. The 
magnitude of the differences between these penalty costs 
indicates the amount of money per acre a producer could 
afford to spend to move the cutting date up to the next 
earlier alternative. 
Livestock and labor. The dairy cow activity entered 
each optimal solution at its maximum level of 100 head. 
Because both labor and forage were plentiful, all replace-
ments were home-raised. The additional labor demand 
resulting from an increase in crop acres (holding cow 
numbers constant) was met by hiring an additional man at 
planting and harvesting time (table 11). 
Return to fixed resources. The return to the fixed 
resources at the 50-acre solution was $43,700 (table 11), 
with a net increase in returns of $3200 for the first 25-acre 
increment and $3100 for the second 25-acre increment. 
This amount was obtained after subtracting a return for 
the additional land investment and taxes or land rent at an 
equivalent rate of $20 per acre. A higher land charge 
would reduce the increase in net return from added land. 
The return to fixed resources is not equivalent to 
commonly used measures of net return, such as farm 
income or labor income. Table 15 shows the estimated 
costs of each of the fixed resources and the residual return 
to management. Labor incomes for the 50-, 75-, and 
100-acre plans would be $13,700, $16,900, and $20,000, 
respectively. 
Discussion. Farms with production coefficients similar 
to those of the case farm, with a ratio of cows to land of 
more than 1:1, to maximize profits, will concentrate on 
growing all the forage they can. With more cows than 
cropland and no opportunity to purchase forages, the 
ration fed will contain a high proportion of the total dry 
matter from grain. This proportion changes to more forage 
as the cow-land ratio approaches 1:1. 
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per acre. This value is very high but the resources of labor, 
capital, and machinery are available to produce more feed 
for the livestock. A hay-purchase activity was not in-
cluded. Subsequent analysis indicated that at 75 or 100 
acres this farm could pay up to $49 per ton for hay of 
quality equal to that of the mid-season baled hay. This 
illustrates the high marginal value of forage when land is 
limited. 
Solutions with 1 25 and 150 Cropland Acres 
Corn activities. Hay-crop silage was partially substi-
tuted for corn silage at these two levels of cropland 
availability. Corn silage with urea was in both optimum 
plans at 71 acres (table 16). The amount of purchased 
HMEC decreased as the HMEC growing activity came into 
the solution. 
 
The stability ranges for corn silage and all other 
activities in the optimum plan are given in table 17. With a 
$6-per-acre range on either side of the variable cost of 
$49.90 per acre, corn silage with urea remained at 71 acres 
 
10 (table 17). At 125 acres, high-moisture ear corn (grown) 
entered the plan at 6 acres, replacing some purchased I 
HMEC. 
With the HMEC activity entering the optimal solution, a 
grinder was required. Since the model calculates only 
return over variable costs, it has not considered the fixed 
costs associated with the grinder for this activity. The 
annual use charge for the grinder and for a very small 
storage structure would be higher than the costs in the 
model. When both costs are included in the net return of 
that activity, it would keep the 6 acres of HMEC out of 
solution at 125 acres of cropland. At the 150-acre 
solution, growing HMEC comes in at the 140-ton level 
(31-acre) and the appropriate fixed costs of the grinder are 
deducted. The stability ranges for HMEC (grown) is wide 
for both solutions, but the level for purchased HMEC is 
narrower. If HMEC cost increased by $1.60 per ton at the 
150-acre level or by $2.10 per ton at the 125-acre level, 
the amount of HMEC purchased would decrease. 
Corn for grain does not enter the plan because the 
forage and grain requirements of the livestock are not yet 
fulfilled from homegrown feed, which was a cheaper 
source than purchased feed. In the 125- and 150-acre 
solutions it would take an additional $37.80 of net return 
per acre to bring corn for grain into the solution (table 
18). At $1.25 per bushel for corn, this would require a net 
increase of 30 bushels per acre (at no additional cost) for 
this activity to replace its competing one. 
Feed requirements. The proportion of dry matter from 
forages remains at 71 percent for both solutions. The 
average total dry-matter intake for both solutions remains 
around 36 pounds per cow per day (table 14). 
A mixed-grain ration of supplement and HMEC was 
selected and fed as a 9 percent grain source. This grain 
entered each optimal farm plan at 600 units, which was 
the minimum required by the model to give 29 percent 
DM from grain. 
Hay and hay-crop silage activities. Alfalfa established as 
direct seedings with 2 cuttings taken off as hay-crop silage 
the first year came in at 12 acres for the 125- and 150-acre 
solutions. After the establishment year, 36 acres of alfalfa 
was taken off as hay-crop silage cut early in both the 125- 
and 150-acre solutions. 
Baled hay did not enter the optimal farm plan under 
any cutting management. The seeding-year baled-hay 
activity lacked $14.30 per acre; baled hay cut early lacked 
over $20, and mid-season hay lacked over $34 of being in 
solution at these levels of land availabilities. 
Livestock and labor. In each of the solutions 100 dairy 
cows were kept for milk and the 25 replacements were 
raised. Up to one additional man was hired in each month 
from April to October. The one-hired-man maximum was 
not fully used in any period except in the last half of May 
for the 150-acre farm, and during early October for both 
solutions. 
Return to fixed resources. The returns to fixed re-
sources were $52,200 and $53,400 for the 125- and 
150-acre plans, respectively. The incremental change in net 
return between the 100- and 125-acre plans was $2200 
after deducting the annual costs of additional fixed 
resources (land and machinery). The change between 125 
and 150 acres was $1200 net of annual costs for additional 
land and HMEC equipment. Labor incomes for the 
125-and 150-acre plans would be $22,200 and $23,400, 
respectively. 
Discussion.  The changes in land availabilities caused 
shifts in optimum crop enterprises. In the optimum plan, 
corn silage treated with urea did not increase in acreage 
after the 100-acre level; instead it decreased to 71 acres 
throughout the range of 125 to 150 acres. The maximum 
corn silage acreage possible with existing labor restraints 
would be 115 acres. The shift in crops when land was more 
plentiful was caused by the competitiveness of the 
hay-crop silage as a source of TDN and protein with the 
 
11 urea protein source in corn silage. Homegrown grains 
replaced purchased grains when equipment and labor were 
available, because the variable costs of production were 
less than the total costs of purchased feedstuffs. 
The returns to fixed resources continued to increase but 
at a decreasing rate. The appropriate charges for the fixed 
costs of the additional machinery and land rental were 
deducted from the returns to fixed factors. This arbitrarily 
set a return for them, but the size of the deduction as 
compared to the residual return was small. The total 
investments were not considered because capital was 
assumed not to be limiting in the short run. 
Solutions with 175 and 200 Cropland Acres 
Corn activities. When the land restriction increased by 
25 acres to 175 acres there were 6 fewer acres of corn 
silage in the optimum plan than before, and nearly 25 
percent of the 66 acres was preserved without urea (table 
19). The omission was to save the cost of urea since the 
protein requirements were being met by the increase in 
hay-crop silage. Corn grown for high-moisture ear corn 
accounted for 22 of the 25 additional acres. This larger 
grain source replaced purchased corn. The growing HMEC 
activity would have remained in solution at that level even 
if the variable costs of production had gone as high as 
$86.90 or as low as zero (table 20). 
When land was expanded to 200 acres, the total 
high-moisture-corn needs of the animals were met by grain 
grown on the farm. The proportion of forage to grain fed 
remained constant but the amount of corn silage decreased 
by 14 acres, which was offset by an increase in acreage of 
hay-crop silage. The corn silage activity was now at 52 
acres, all without urea. At the 200-acre level and with an 
upper limit on labor supply, 6 acres of land were left idle 
(in slack) due to a higher opportunity cost of labor 
elsewhere. With all the forage and grain needs met for the 
livestock, 4 of the last 25 acres were planted to corn for 
 
grain, which was custom-harvested and sold as a cash crop. 
Feed requirements. Since a minimum amount of grain 
was fed, the units of HMEC plus supplement in the 
optimum plan remained constant for all solutions between 
125 and 200 acres. At the 175-acre solution, only 29 tons 
 
12 of HMEC were purchased. This amount would stay in the 
solution for costs ranging anywhere from $30.80 and 
$53.80 per ton. On the other hand, when this activity was 
not in the solution (at the 200-acre level) a price drop from 
$40.00 to $39.40 per ton would bring into the plan the 
purchase of 15 tons of HMEC and the labor and land freed 
would be used to produce corn for grain. 
The costs of other protein supplements would have had 
to drop anywhere from $.70 to $1.00 per cwt below the 
assumed levels before these sources of protein would have 
entered the optimal farm plans (table 21). 
Hay and hay-crop silage. Eight of the additional 25 
acres (175 total) were planted to alfalfa and harvested as 
hay-crop silage. The labor restraints in late May caused 16 
of the 42 acres harvested as hay-crop silage to be managed 
under a mid-season cutting system rather than as early 
cutting. Even though earlier cutting resulted in more 
protein and almost as much TDN, the opportunity cost of 
labor (removed from some other activity) was too high for 
profitably harvesting all the hay silage under the early 
system (late May, early June). The amounts harvested 
under each cutting system are shown in figure 2. 
The shadow price for labor in the last half of May was 
$4.37 per hour. Labor needs for both livestock and corn 
planting activities were in competition with the 
early-harvest system. If one hour was removed from 
corn planting or livestock production and used by 
early-hay-crop silage it would lower the return to fixed 
resources by $4.37. Tables 20 and 21 give the stability 
ranges for all of the activities, both in and out of the 
optimum solution. 
At the 200-acre solution the early-hay-crop-silage activ-
ity remained nearly constant in amount but the acreage 
taken at mid-season doubled. Alfalfa as a source of TDN 
reduced the need for corn silage. The stability ranges for 
these activities are shown in table 20. Table 21 indicates 
that, at low cow-land ratios given a fixed labor supply, 
 
baling activities come close to entering the optimum 
solution because labor requirements were shifted to other 
periods. The penalties if one unit of early-, mid-, or 
late-season baled hay is forced into solution were $10.10, 
$13.40 and $26.10, respectively. Even with excess land, 
the penalty for delayed harvesting existed but was not as 
great as when land was limiting. 
Livestock and labor. At both of these solutions (175 
and 200 acres) 100 cows were milked and all 25 
replacements were raised. Extra labor was hired in each 
month from April to October. When land was limited to 
 
13 175 acres, the maximum labor available was hired during 
both halves of May and a full-time man during the first 
half of October. With the additional 25 acres available, the 
same labor maximums were fully used in May but the 
October demand shifted from the first half to the latter 
half, when one full-time man was used. 
Return to fixed resources. By increasing the amount of 
high-moisture ear corn grown and of hay-crop silage on the 
additional land up to 175 acres, the change in return 
compared with the 150-acre s61ution increased $1500 net 
of added land expenses. The return increased by another 
$500 when another 25 acres became available (200 acres 
total). The land cost of all 25 acres was charged, even 
though 6 were idle (table 19). Labor incomes for the 
175-and 200-acre optimum plans would be $24,900 and 
$25,400 respectively. 
Discussion. With the additional land provided in the 
last 2 solutions, enough resources were available to grow 
all of the high-moisture ear corn that was fed on the farm. 
Corn for grain entered the solution only when the other 
forage and concentrate needs were met for the maximum 
number of livestock. 
The increase in hay-crop silage came at the expense of 
a decrease in the amount of corn silage grown. The 
hay-crop silage not only provided a high TDN source but 
also was high in protein, thus reducing the need for the 
urea corn silage activity. 
To handle the additional acreage with the given labor 
supply, the management practices on the hay-crop silage 
were changed. The amount of early-cut silage decreased 
and silage cut in mid-season increased in amount. The 
amount of acreage used for alfalfa establishment increased 
proportionally to the amount harvested for silage. With 
land less scarce in relation to labor, the stability ranges of 
the forage activities became narrower. 
GENERAL DISCUSSION 
Corn activities. With less than 1 acre of cropland per 
cow, this representative farm situation would have a 
comparative advantage in the production of corn silage as 
compared with alternative crops. This would apply to 
other farms with similar soils. Given ratios of less than 1 
acre per cow, most producers would pay dearly to acquire 
additional land for feed crop production. When land is 
limited, the marginal value of labor—when also restraining— 
becomes high during planting and harvesting. When labor 
at these critical periods is completely used up, another 
crop can substitute for corn silage. When land is more 
plentiful, hay crop silage with less TDN but more protein 
per acre than corn silage comes into the optimum solution. 
When 1.5 acres of land per cow was available, 
high-moisture ear corn was grown rather than purchased, 
because it gave a greater return to limiting resources. The 
directly associated costs of production were lower than the 
costs of buying, which are likely to include some fixed as 
well as variable costs of the producer and marketing 
charges. Over a time period long enough for all resources 
to be variable, this growing activity may or may not be in 
the optimum plan, depending on total costs given the 
production levels. At land availabilities above the 125-acre 
restraint, the growing of HMEC increases linearly to the 
175-acre restraint and then tapers off, meeting the feed 
requirement at the 200-acre solution. 
As would be true on most dairy farms, the production 
of corn for grain for sale did not enter the solution until all 
the forage and concentrate needs of the herd were met. 
The same was found on two actual farms programmed in 
New York (3, 10). When land was limited to 100 acres or 
less, the net return for the corn activity would have to be at 
least $150 per acre to enter the plan. It would be more 
profitable to expand cows than to grow the cash crop, 
given the same costs and returns, if the annual fixed costs 
of expansion were less than $308 per cow. Typical annual 
(fixed) expansion costs for increases in herd size of 20 
head would be around $100 per cow. 
At the 200-acre level of cropland, corn for grain entered 
at 4 acres, all of which was custom-harvested and -dried. 
This activity would not have entered if custom harvesting 
had not been included in the budget to obtain additional 
labor. 
Feed requirements. When forage was limited at 
cow-land ratios of greater than 1:1, a high proportion of 
the total dry matter for cows came from grain. At acreages 
of 100 or above, the forage crops produced a cheaper 
source of dry matter and came into the optimum solution at 
a maximum. 
The coefficients in this model hold TDN requirements 
constant at 9100 pounds annually per cow, and the 
resulting milk production constant at 13,600 pounds 
annually. One could expand this model to include varying 
feed intakes and resultant production levels. Since grain 
has a higher TDN per pound of dry matter than forages, 
when a large portion of the total ration comes from grain, 
as in the 50- and 75-acre solutions there would be a lower 
total dry-matter intake. This depression in dry-matter 
intake at high grain levels is supported by a three-year 
research study at Cornell University (12). 
Hay and hay-crop silage. None of the baled-hay activ-
ities came into solution at any land restriction, primarily 
because of the higher labor requirement per pound of dry 
matter. In addition to the extra labor, 10 percent 
additional dry-matter harvesting and storage loss was 
assessed for baling, as compared with ensiling the crop. 
Any change between systems in the relative labor require-
ment or nutrients per acre might switch the advantage 
from one system to the other. 
Hay-crop silage cut both early and in mid-season is 
included in optimum plans after the 150-acre solution. The 
timing of the labor requirements is the most critical factor 
that determines which of, and at what level, these activities 
14 are in the optimum plan. The cutting management is 
changed due to a high opportunity cost when labor is fully 
used. The required critical labor is freed by shifting from 
early- to later-harvested hay-crop silage to obtain labor to 
plant more corn as land increased. 
Penalty for delayed harvesting. The penalty costs per 
unit of introducing nonoptimum activities are given in 
each section of this publication. The income penalty for 
the baled-hay activities at the 125-acre level was —$24, 
—$35, —$80, for early-, mid-season- and late-cut hay. 
Using these typical production resources and coefficients, 
one could pay up to $11 per acre extra to obtain the 
necessary labor or equipment to shift from mid-season- to 
early-cut hay and likewise $56 per acre to gain the 
advantage of early-cut over late-cut hay. These costs hold 
over a certain limited range. 
To determine the effect of harvesting date on income, 
an additional computer run was made with early-cut 
forages restricted from the solution. At the 125-, 150-, and 
175-acre cropland solutions, the mid-season-cut hay-crop 
activity came into solution, and for each one the optimal 
objective function value was approximately $300 lower 
than when early cutting was allowed. This implies that 
with any one of these farm plans the operator could afford 
to pay up to $300 annually for the additional equipment 
or labor to harvest his hay-crop silage two weeks earlier. At 
the 125- and 150-acre levels, if this potential return is 
divided by the acreage of hay-crop silage it amounts to 
$8.30 per acre. At the 175-acre level, the break-even 
expenditure for resources that would enable the shift to 
early cutting would be $11.50 per acre. 
When 200 acres of cropland were available, the elimina-
tion of the early-cut forage activity lowered the return to 
fixed resources by $700. When all the alfalfa had to be cut 
in mid- or late-season, this took labor away from raising 
replacements and necessitated some purchased replace-
ments. The benefits of early cutting and the freeing of 
labor for replacement activities are worth up to $28 per 
acre of early-cut hay-crop silage for the 25 acres in 
solution. The implications are that the silage-harvest 
operations could be custom-hired (all labor) at any rate up 
to $36 per acre, since the net return to fixed resources 
would be higher if that labor were freed. 
Effect of changes in yields. Two additional computer 
runs were made as a check on the sensitivity of the 
coefficients to faulty estimation. First the corn silage 
yields were increased 10 percent and then the hay-crop 
silage yields were increased 10 percent, using the original 
corn silage coefficients. The appropriate production, 
storage, and labor requirements were also increased. At 
175 acres of cropland, the new corn silage yields increased 
the return to fixed resources by only $100. This was due 
mainly to the need for fewer acres to meet forage 
requirements, and consequently for less hired labor. In like 
manner, the hay-crop-silage increase in TDN and DP 
resulted in only $300 more return to all the fixed factors 
at the 175-acre cropland solution. These results indicate 
that small errors in estimation did not, in these activities, 
significantly change the results. 
Livestock and labor. At all solutions, the maximum 
number of cows allowed were in the farm plan. All the 
required replacements were raised rather than purchased 
because forage and labor were available. The return to 
fixed resources could have been increased at all levels had 
additional cow-stall space been available. The labor for 
additional cows would be available only through de-
creasing some other activity in the optimal solution, since 
labor was restraining at planting and harvest time. 
We found that the timing and amount of labor required 
by various activities is critical. The opportunity cost of 
labor for any particular activity was the single most 
important factor affecting the inclusion or exclusion of an 
activity in the optimal programming solutions. Therefore, 
specification of total labor supply is of utmost importance 
if realistic solutions are to be obtained. 
If this model had been restricted to activities that could 
have been completed by a 2-man labor force, the returns 
would have been much lower. The cropping and livestock 
activities were drastically different when hourly labor 
could not be hired at planting and harvesting periods. The 
high marginal values for hired labor indicate that farmers 
could pay what may be considered unusually high wages to 
obtain labor at critical periods. By using hired labor to 
meet crop labor requirements, the full 100-cow herd and 
raised replacements could enter the solution to keep full 
employment of the 2-man labor force during the winter 
months. 
Return to fixed resources. The return to fixed re-
sources continued to increase up to 194 acres, and then 
remained constant as land was added. The return to 
management after charging off the other fixed costs (table 
15) was $11,700 higher at the 200-acre solution than at 
the 50-acre solution. 
The shift from 50 acres of cropland to 200 represents 
more land, capital, and management. The increase in the 
returns to fixed resources was from $43,700 to $55,400. 
When the annual fixed costs of the additional land and 
machinery are subtracted, the net return to management 
increased from $5200 at 50 acres to $16,900 at 200 acres. 
Although the linear programming "optimum" plan may 
never be adopted by the farm manager, it can still guide his 
decision. To develop an L.P., the manager must organize, 
gather, and estimate coefficients for a matrix, many of 
which he might otherwise not have considered. After 
looking at the optimum solutions, a manager may select a 
nonoptimum solution because of personal preference or to 
avert risk. The advantage of looking at all alternatives is 
that the operator now has an indication of the cost to 
exercise his preferences. 
Limitations of the results of this study. Increases in the 
levels of all the preceding activities were based upon a 
linear assumption. Each activity represented one point on 
15 the production-function curve for that activity. Any other 
point on that curve would have to be represented by 
another activity. In most farm businesses the use of 
resources by activities are not completely linear because of 
economies and diseconomies of size. Any error introduced 
by the linear-assumption techniques are minimized if the 
stability ranges are wide. In this study all activities are 
shown with the ranges over which they hold; they tended 
to be wide, indicating their applicability to the dairy 
states. 
To minimize the problem of diminishing returns, addi-
tional activities can be introduced, with specified ranges 
over which they are valid. When using linear programming 
techniques, there are no really satisfactory procedures to 
handle nonlinear costs or returns. These problems occur at 
the small or very large levels of an activity in the solution. 
Usually costs and returns hold only over a given range. 
When these levels occur in the solution, the objective 
functions can be adjusted for level in solution by trial and 
error or by rerunning. The higher cost of the small levels of 
the HMEC silo storage in this problem was handled by 
omitting the activity from that solution. The same would 
have been found if it had been rerun using the higher costs 
represented by small-scale storage and fixed costs of 
additional equipment. The same situation is encountered 
when expanding any enterprise beyond present 
fixed-resource capacity. The variable cost of the activity 
will enter the solution, but when the fixed costs of 
expansion are added the activity may no longer be in the 
optimum plan. 
The model does not take into account the preference of 
the operator; rather, it maximizes profits. All activities are 
treated as equally stable or risky, whether in solution at 
high or at low levels. 
Use of linear programming for farm planning. With the 
use of high-speed computers, many activities can be 
considered at one time within given resource constraints. 
When major changes are planned in the farm business, 
linear programming can quantify the effect on the use of 
and returns to fixed resources. 
The program can determine the effect of technology 
and/or management practices on the returns to the 
business. The shadow prices and penalty costs give an 
indication of the effect of delayed planting, harvesting, 
etc. The opportunity cost of a limited resource is often 
many times its actual cost. For example, the removal of 
one hour of hired labor may reduce the return to fixed 
resources by much more than the price paid for that hour in 
the objective function. The model also indicated the 
income increase if an additional unit of a limiting resource 
could be added. 
Other methods could be used to make management 
plans such as the one programmed above. Budgeting would 
probably have suggested similar activity levels if the same 
coefficients had been used. It would have been very 
time-consuming to budget all the possible alternatives. The 
effect of changes in one segment of the business on other 
segments can be handled more efficiently with linear 
programming. 
One disadvantage to using linear programming for 
management planning is that the technique requires large 
amounts of both input data and time of professionally 
trained field staff. However, once the data requirements 
are met, solutions can be obtained in a matter of seconds. 
This technique is currently being used at many colleges 
and universities to assist the professional staff in solving 
farm management problems. 
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